We investigate the ground state properties of anti-ferromagnetic spin-1 Bose gases in one dimensional harmonic potential from the weak repulsion regime to the strong repulsion regime. By diagonalizing the Hamiltonian in the Hilbert space composed of the lowest eigenstates of single particle and spin components, the ground state wavefunction and therefore the density distributions, magnetization distribution, one body density matrix, and momentum distribution for each components are obtained. It is shown that the spinor Bose gases of different magnetization exhibit the same total density profiles in the full interaction regime, which evolve from the single peak structure embodying the properties of Bose gases to the fermionized shell structure of spin-polarized fermions. But each components display different density profiles, and magnetic domains emerge in the strong interaction limit for M = 0.25. In the strong interaction limit, one body density matrix and the momentum distributions exhibit the same behaviours as those of spin-polarized fermions. The fermionization of momentum distribution takes place, in contrast to the δ-function-like distribution of single component Bose gases in the full interaction region.
I. INTRODUCTION
The spinor Bose-Einstein condensates (BECs) can be realized [1, 2] as cold atoms are confined in an optical trap for the liberation of the atomic spin freedom degrees [3] [4] [5] . Its specific internal spin-mixing dynamics [6] [7] [8] [9] offer us a populated platform to investigate the spin-related interesting effects in conventional condensed matter physics. For example, spin domain [10, 11] , magnetic properties [12] [13] [14] [15] , spin textures [16, 17] , and etc have been paid much attention [18] . In addition the novel quantum phase [19, 20] , the effect of spin-orbit coupling [21, 22] , and the spinor BECs of high spin also attracted [23] [24] [25] many interests.
When quantum gases are confined in an anisotropic potential, the low dimensional quantum gas can be realized [26] [27] [28] [29] . For the strong correlation effect the quantum system in low dimension is one of the focuses of traditional condensed matter physics. The excellent controllability of cold atom system has stimulated significant interests in the low dimensional quantum gas [30] [31] [32] . By controlling magnetic field the effective interaction strength can be tuned with the Feschbach resonance technique and confined induced resonance technique [33, 34] . The quantum gas might evolve continuously from the weak interaction regime into the strong interaction regime.
In the weak interaction regime one-dimensional (1D) Bose gas exhibits single peak structure embodying the properties of Bosons, while in the strong interaction regime 1D Bose gas exhibits the same shell structure of multi-peaks as that of the spin-polarized fermions [35] . The quantum mixtures with internal freedom degree of * Electronic address: haoyj@ustb.edu.cn strong interaction can exhibit more rich properties such as composite fermionization [36] [37] [38] [39] , "spin-charge" separation [40] [41] [42] , and magnetic order [43, 44] , etc. Interestingly, although the density distribution of singlecomponent Bose gas in strong interaction regime behave same as spin-polarized fermions in the coordinate space, momentum distribution still displays the δ-function-like single peak structure in the low momentum region, which is the typical property of Bose gases.
It has been shown that a 1D spinor Bose gas displays phase separation and fermionization behaviour in the strong interaction limit [45] [46] [47] [48] . While with the increase of spin-dependent interaction, the fermionization will be weaken and phase separation disappears [49] . In this work we will investigate the ground state of 1D spinor Bose gas in different interacting regimes with the previously developed numerical diagonalization method [36, 49, 50] . Particularly, the effect of interaction on one body density matrix and momentum distribution will be studied. We will diagonalize the Hamiltonian in the Hilbert space composed of the lowest eigenstates of single particle and spin components. Numerically the ground state wavefunction and therefore the interesting physical quanta of each components can be obtained. Compared with the previous work [49] , the evaluation of one body density matrix is time-consuming because we have to calculate the full one body density matrix rather than the density distribution, i.e., the diagonal part of one body density matrix. With the one body density matrix we can easily obtain the momentum distribution by its Fourier transformation. Besides the interaction effect, we will also investigate the spinor Bose gases of different magnetization. This can be implemented by diagonalizing Hamiltonian matrix in the subspace of Hilbert space with specific total spin. The paper is organized as follows. In Sec. II, we briefly review the 1D spinor model in a harmonic trap and in-troduce numerical diagonalization method. In Sec. III, we present the density distributions, magnetization distribution, one body density matrix and momentum distribution for the 1D spinor Bose gas of anti-ferromagnetic spin-exchange interaction in the full repulsive interaction regime. The summary is given in Sec. IV.
II. THE MODEL AND METHOD
The spin-1 1D spinor Bose gas of two body contact interaction can be described by the second quantized Hamiltonian [3] [4] [5] [6] 
with m being atomic mass.
] is the creation (annihilation) operator of α-component atom at the position x, where α=1, 0, and -1. Here F is the spin-1 Pauli matrix. The two body interaction consists of spinindependent c 0 term and spin-dependent c 2 term. The interaction constants c 0 and c 2 depend on the 1D effective interaction g f of the total spin-f channel (f = 0, 2) as c 0 = 3 , respectively. The 1D effective interaction constant g f can be tuned with Feshbach resonance technique and confined induced resonance, which is related to the external transvese confinement potential and the s-wave scattering length of the total spin-f channel a f [48, [51] [52] [53] 
where C = 1.4603, and a ⊥ = h/mω ⊥ with transverse trapping frequency ω ⊥ . By controlling magnetic field we can continuously tune the effective one-dimensional interaction from the weakly interacting regime to strongly interacting regime. Usually, the s-wave scattering lengthes of spin-0 channel and spin-2 channel are close to each other, so that the c 2 is greatly smaller than c 0 . In the present paper, we will consider the case of c 0 = 100c 2 . c 2 might be positive (anti-ferromagnetic interaction) or negative (ferromagnetic interaction). We will focus on the anti-ferromagnetic interaction.
For the quantum gas confined in a harmonic potential
, it is natural to expand the field operatorΨ α (x) with the single particle wavefunctions of a particle in a harmonic trap (orbitals), i.e.,
Here the single particle wavefunction
! and the annihilation operatorb iα annihilates one α-component atom in the ith orbital. Therefore in the Hilbert space composed of the lowest eigenstates of single particle and spin components, the many body Hamiltonian can be formulated as
αβ;α β ijkl
where
We can obtain the ground state wavefunction by diagonalizing the Hamiltonian matrix in the Hilbert space. Because the contact interaction conserve the magnetization of the spinor
, we can diagonalize the Hamiltonian in the subspace of total spin being conserved.
With the ground state wavefunction |GS , the one body density matrix of α-component can be evaluated by
which denote the probability to find the particles at positions y and x in two successive measurements, respectively. Its diagonal part is the density distribution of α-component, i.e.,
and the total density profile is ρ tot (x) = α ρ α (x). The momentum distribution is the Fourier transformation of the one body density matrix ρ α (x, y)
In the evaluation we use the dimensionless interaction U i (i = 0, 2 and U i = c i /a 0 with the harmonic length a 0 = h/mω) and the position x take the unit of a 0 . For simplicity the notation will be preserved same as defined before.
III. GROUND STATE PROPERTIES OF ANTI-FERROMAGNETIC 1D BOSE GAS
In this section we will show the density distribution, magnetization distribution, one body density matrix and momentum distribution of anti-ferromagnetic 1D Bose gas for different magnetization. 
A. Density distribution and magnetization distribution
In Fig. 1 the total density distribution of three components are displayed for magnetization M =0, 0.25, 0.5, and 0.75. It is shown that for different magnetization the total density profiles exhibit the same behaviors. In the weakly interacting regime, the density profiles show single peak structure embodying the property of Bose gases. As the atomic interaction becomes strong, Bose atoms distribute in wider regimes, and in the strongly interacting regime the Fermi-like shell structure are exhibited. The fermionized total density profiles are displayed in Fig. 1b for different magnetization. All of them match well with the density distribution of spinless fermions. The minor deviation results from the spin-dependent interaction, which affect the density distribution [49] .
Although the 1D Bose gases with different magnetization exhibit the same total density distributions, each components behave differently, particularly in the strong interaction limit. The density distributions of each com- We plot the interaction effect of magnetization distribution m(x) = ρ 1 (x)−ρ −1 (x) for M =0.25 and 0.5 in Fig.  4 . It is shown that in both cases the local magnetization change with the increase of interaction constant although the total magnetization are conserved. The magnetization distribution evolves from the single peak structure into the shell structure as the interaction becomes strong, which exhibits the fermionization behaviour in the strong interaction regime. The distinction for M =0.25 and 0.5 are displayed in the strong interaction limit (U 0 = 50.0), the latter show the fermionized shell structure but in the former case the magnetic domains emerge, where in the trap center regime the magnetization is negative and in the regime away from the trap center the magnetization is positive.
B. One body density matrices of each components
In Fig. 5 the one body density matrices of the ground state for each components are displayed for M = 0.25. The diagonal elements ρ(x, x) = ρ(x) denote density distribution, which has been shown in the previous subsection. Its off-diagonal elements relate to the off-diagonal long range order (ODLRO). It is shown that in the weak interaction regime and in the middle interaction regime three components display the same behaviours. Although the one body density matrices are diagonal dominant, the off-diagonal elements are not negligible. There exist ODLRO for each components. While in the strong interaction limit, one body density matrices become diagonal dominant and the off-diagonal elements are negligibly small such that the ODLRO disappear, which are similar to the spin-polarized Fermi gases. The diagonal regime of one body density matrix of 1-component exhibit properties different from other two components. 0-component and (-1)-component still exhibit the same behaviours. The atoms in 1-component prefer to appear in the region away from the trap center, while the atoms in other two components appear in the trap center region in more probabilities. In Fig. 6 we display the one body density matrices of ground state for 1-component and 0-component for M = 0.5 and U 0 =50. In this case, the (-1)-component disappear completely for the strong interaction. For both 1-components and 0-component one body density matrices are diagonal dominant and the off-diagonal elements are negligibly small, which are same as the case of M = 0.25. But for magnetization M = 0.5, the 1-component and 0-component display the same properties that are similar to the spin-polarized Fermi gas of N = 4. This is also shown in the density distribution.
C. Fermionization of momentum distribution
The ground state momentum distribution of each components for N =4 and M = 0.25 are displayed in Fig.  7 (a)-(c) . It is shown that in the weak interaction regime (U 0 = 0.1) and in the middle interaction regime (U 0 = 5.0), each components show the sharp δ-functionlike single peak structure. Bose atoms populate in the regime of low momentum in large probability, and with the increase of momentum the population probabilities decrease rapidly. In the strong interaction limit (U 0 = 50), the momentum distribution of each components are fermionized. The momentum distribution of 1-component displays the shell structure of three peaks, and other two components display the shell structure of four peaks. Those are the properties of spin-polarized Fermi gases of three fermions and four fermions, respectively. As comparisons, the momentum distributions of spin-polarized fermions are plotted in the figures. For comparison, the fermion numbers are normalized to the atom number of each components. It is shown that the momentum distribution of each components of 1D spinor Bose gases behave completely same as those of spin-polarized fermions.
The momentum distributions of spinor Bose gases for U 0 = 50 and M = 0.5 are displayed in Fig. 7 (d) . 1-component and 0-component also exhibit the fermionized properties although their momentum distribution are not exact multi-peak shell structures.
IV. SUMMARY
In conclusion, we have investigated the ground state properties of anti-ferromagnetic 1D Bose gases of spin-1 from the weakly repulsive interaction regime to the strongly repulsive interaction regime. By numerically diagonalizing the Hamiltonian in the Hilbert space composed of the lowest eigenstates of single particle and spin components, we obtain the ground state wavefunction. Then the density distribution, one body density matrix and momentum distribution were evaluated in the full interacting regime.
It is shown that for different magnetization the total density distribution of three components exhibit the same fermionization behaviours with the increase of interaction. In spite of this, the density distributions of each components are different. Besides the atom numbers of each components, the main differences are shown in the strong interaction limit. For M = 0.25, the phase separation takes places, while for M = 0.5, the (-1)-component disappear and spinor Bose gas becomes two components of Bose gases, both of which display the same density profiles. The magnetization effect is also shown in the magnetization distribution in the strong interaction limit. For M = 0.25 magnetic domains emerge at U 0 = 50, while for M = 0.5 magnetization distribution exhibit fermionization shell structure.
In the weak interaction regime and middle interaction regime, the evaluation of one body density matrix shows that ODLRO exists in all of three components. In the strong interaction limit, the one body density matrix behave same as that of spin-polarized Fermi gas, which are diagonal dominant and the off-diagonal elements are negligibly small. This is consistent with the properties that the momentum distributions exhibit. In the strong interaction limit, the momentum distribution display the fermionization behaviours. It is greatly different from that of single component Bose gas in the strong interaction limit. The latter still exhibits the typical δ-functionlike momentum distribution embodying the properties of Bosons.
